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Abstract 

Motivated by a recent work of X. Chen and M. Zhu (Commun. Math. Stat., 1 (2013) 369-385), 
we establish a Trudinger-Moser inequality on compact Riemannian surface without boundary. 
The proof is based on blow-up analysis together with Carleson-Chang’s result (Bull. Sci. Math. 
110 (1986) 113-127). This inequality is different from the classical one, which is due to L. 
Fontana (Comment. Math. Helv., 68 (1993) 415-454), since the Gaussian curvature is involved. 
As an application, we improve Chen-Zhu’s result as follows: A modified Liouville energy of 
conformal Riemannian metric has a uniform lower bound, provided that the Euler characteristic 
is nonzero and the volume of the conformal surface has a uniform positive lower bound. 
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1. Introduction 


Let (2, g) be a compact Riemannian surface without boundary. Kg be its Gaussian curvature 
and;^^(Z) be its Euler characteristic. Let VT'’^(E) be the completion of C°°(2) under the norm 


IImIIvt'- 




■(f 


(|V„Mr -I- u^)dv. 


1/2 


( 1 ) 


where Vg is the gradient operator and dvg is the Riemannian volume element. As a limit case 
of the Sobolev embedding theorem, the Trudinger-Moser inequali ty [1^ ^ 23 . 3 plays 

an important role in analysis and geometry. In an elegant paper 11311 . L. Eontana proved that 
D. Adams’ results iH], Trudinger-Moser inequalities for higher order derivatives, still hold on 
compact Riemannian manifolds without boundary. Among those, there is the following 


f 

h’e<l 


dVg < +CX), Vy < 47r. 


sup 

udvg=0, IVguFdvg< 

Motivated by works of Adimurthi-Druet ||2l, the author |24, 25 
obtained in 12711 that for any a < TXE), there holds 


( 2 ) 


and C. Tintarev 112211 . we 


sup 

ueW^'^(L), udvg=0, f^jVgiif~dVg~a f^u~dvg< 


f 

1 Je 


dVg < H-oo, Vy < 47r, 


(3) 
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and extremal function for this inequality exists. Here /l*(S) is the hrst eigenvalue of the Laplace- 
Beltrami operator with respect to the mean value zero condition, namely 


(4) 


d!(2)= inf r \Vgu\^dVg. 

udv^=0,J^ u~dv^=\ 

Clearly /l*(E) > 0 and Q improves (O. As a consequence of (O, we have a weak form of the 
Trudinger-Moser inequality. Namely, for any a < /l*(2), there exists some constant C depending 
only on (S, g) and a such that for all u e Vk'4(2), there holds 


I I'Vguf'dVg-a I (u-u)^dvg - IGnln I + Ih^rM >-C, 

Js Js Je 


(5) 


where u — udvg. When a = 0, the inequality was obtained by Ding-Jost-Li-Wang i^. 

For any conformal metric g - e“g, where u 6 C^(2), the Liouville energy of g reads 


Lg(g) 


fln» 

Je g 


{Rgdvg + Rgdvg), 


where Rg and Rg are twice the Gaussian curvature Kg and Kg respectively. Since 


we have 


Rg — £ {AgU + Rg\ 


gig) = J (jVgUl^ +4Kgu)dVg. 


(6) 


If 2 is a topological two sphere and volg(2) = volg(2) = 4/:, then it was proved by X. Chen and 
M. Zhu that there exists some constant C depending only on (Z, g) such that 

Lg(g) > -C. (7) 

This is a very important issue in the Calabi flow |@,[3l- Note that (|5]) can be derived from ([3]). 
One would expect an inequality, which is an analog of (O and stronger than O. To state our 
results, we hx several notations. Let us hrst dehne a function space 


je,^lueW 




KgUdVg = 0 


( 8 ) 


and an associate eigenvalue of the Laplace-Beltrami operator 


Ag(X) - inf j \Vgu\^dVg. (9) 

J^u^dvg=l ,7s 

Clearly, Jifg is a closed subspace of VT'4(2). While unlike /l*(Z) given as in (|4li, /lg(Z) is not 
necessarily nonzero. For example, /lg(Z) = 0 if Xg s 0. In Lemmaj^below, we shall describe a 
necessary and sufficient condition under which /lg(Z) > 0. If a < /lg(Z) and u e JKg, we write 





( 10 ) 


Clearly || ■ ||i_q, is an equivalent norm to || ■ || 1 ^ 1 . 2 (j) defined as in O on the function space J^, 
provided that a < Ag(Z). The first and the most important result in this paper can be stated as 
follows: 
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Theorem 1. Let (S, g) be a compact Riemannian surface without boundary. Kg be its Gaussian 
curvature, and J€g, /lg(2) be defined as in (lS|, dP]) respectively. Suppose that the Euler character¬ 
istic x(^) ^ 0. Then for any a < /lg(S), there holds 

sup j e‘^™^dvg < + 00 , (11) 

||w||j (,<1 v/S 

where || ■ ||i_q. is a norm defined as in m- Moreover, An is the best constant, in other words, if 
replaced by in ( 1771) for any y > An, then the above sup remum is infinity. 

An extremely interesting case of Theorem [1] is a = 0. If /lg(2) > 0, the norm || ■ ||i_o is 
well defined on the function space Jffg, and thus (fTTI) is an analog of Fontana’s inequality (|2]). 
Furthermore, the following theorem reveals the relation between the Trudinger-Moser inequality 
and the topology of S. 

Theorem 2. Let (E, g) be a compact Riemannian surface without boundary, JKg be defined as in 
Then the Trudinger-Moser inequality 

sup j e*™^dvg < +00 (12) 

ueJtTs, f.\VgUpdVg<l 


holds if and only if the Euler characteristic xi^) + 0. 

Let us explain the relation between (fT^ and (O under the assumption that;^f(E) + 0. First, we 
can see that both best constants of the two inequalities are An. Second, the subcritical inequalities 
in both cases are equivalent. Precisely, the inequalities 

sup I dvg < + 00 , Vy < An, 

ueX'g,f\\gu\'^dvg<l 


holds if and only if (|2]i holds for all y < An. Third, in the critical case, (fTSI) is independent of (|2]). 

Another interesting problem for the Trudinger-Moser inequality is the existence of extremal 
functions. Pioneer works in this direction were due to Carleson-Chang 12], M. Struwe fUl], F. 
Flucher 112], K. Lin lfl2 . Ding-Jost-Li-Wang iSIiSIj and Adimurthi-Struwe |[2- Concerning 
the extremal functions for (fTTI) . we have the following; 


Theorem 3. If the Euler characteristic x(^) ^ 0> then for any y < An and a < /lg(E), where 
Ag(X) is defined as in dP]), the sup remum in dni) can be attained by some function u* 6 Jlfg with 

n,a<l. 


One would ask what will happen when x(?-) - 0. We talk about this situation briefly. From 
Lemma |6] below, we know that Ag(Z) - 0. By the Young inequality 2ab < ea^ H- e Ve > 0, 
and Fontana’s inequality (|2ll> we can prove that 


sup 


i 


e^™Mvg < -1-00, Va < 0. 


(13) 


For details of the proof of (fTsT l. we refer the reader to 11 111 12811 . Thus (fOT l is weaker than (|2|l. 
There also holds 


sup 


X 




< sup r e‘^™^dvg. 
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Hence, in the case^(S) = 0, (fTTT) is still true and slightly weaker than (|2]). It was proved by Y. 
Li m that the extremal function for (fOl) exists, while it is open whether or not the extremal 
function for (fTTT i exists under the assumption = 0. This issue will not be discussed here. 

Finally we apply Theorem[T]to Chen-Zhu’s problem 1^. Let g - e“g be a metric conformal 
to g, where u e C^(S). If;t^(Z) + 0, we define a modified Liouville energy of g, by 


In particular, if Z is a topological two sphere, then Lg(g) coincides with the Liouville energy 
Lg(g) dehned as in We denote 

CgCL) = sup r (15) 

The following theorem generalizes Chen-Zhu’s result O. 

Theorem 4. Let (Z, g) be a compact Riemannian surface without boundary. Suppose that the 
Euler characteristic xi^) ^ 0. For any conformal metric g = e“g with u 6 C^(Z), ifvolg(Z) > 
pvolg(l,) for some constant p > 0, then there holds 


Lg{g) > IhTrln 


//volg(S) 

Q(E) ’ 


where Lg(g) and Cg(L) are defined as in ( 1741) and ( 1751) respectively. 


The proof of Theorem[T]and Theorem[3is based on blow-up analysis. We follow the lines of 


Y. Li Ll^ and Adimurthi-Druet 


ysis 

i. 


Earlier works had been 


125. "rh . and thereby follow closely _ _ 

done by Ding-Jost-Li-Wang j^ lToil and Adimuthi-Struwe l^]. Both Theorem|2]and Theorem|4] 
are consequences of Theorem [T] The following lemma due to Carleson-Chang will be used 
in our analysis. 


Lemma 5. Let B be the unit disc in Assume {Vf)f>o is a sequence of functions in Wq’^(B) 
with |VV(r|^(7x = 1. If\VV(:\^dx do as e 0 weakly in sense of measure. Then 


limsup r 

e^O Jb 


\)dx < Tie. 


Another key ingredient in our analysis is the well-known Gauss-Bonnet formula (see for example 
Q, Section 3.J.l, p. 176), namely 


Kgdvg = 2nx{^). (16) 

Throughout this paper, we often denote various constants by the same C, also we do not 
distinguish sequence and subsequence. The remaining part of this paper is organized as follows: 
Theorem [1] and Theorem [3] are proved in Section 2; Theorem |2 and Theorem |4] are proved in 
Section 3 and Section 4 respectively. 
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2. A Trudinger-Moser inequality involving Gaussian curvature 

In this section, we prove Theorem [1] and Theorem [3] by using blow-up analysis. We need 
several preliminary results before beginning the blow-up procedure. 


Lemma 6. Ag(X) > 0 if and only ifxi'^) ^ 0- 

Proof. Let us brst prove that /(^(S) can be attained. By debnition of Ag(I,) (see (|9]l before), we 
take My 6 such that J^ujdvg = 1 and J^jVgUjI^dVg —> /l^(2) as J —> H-cx). Clearly My is 
bounded in VT'’^(S). Thus, up to a subsequence, we can assume 


My ^ Mo weakly in 
uj Mo strongly in L^(2). 


It then follows that 


Since uj e we have 


I Ugdvg = 1, I \VgUQ^dVg < /lj(S). 

I KgUodVg - lim I KgU 


jdvg = 0 . 


(17) 

( 18 ) 


By dnll and (Ull, we have that mq e ,^g attains /1^(2). 

If xC^) + 0, we claim that Ag(Z) > 0. Suppose not. We have /lj(2) = 0 and thus uq = C 
for some constant C. In view of (fTST l. we have by using the Gauss-Bonnet formula (fThl l that 
2nCx(^) - 0. Hence C - 0. This contradicts n^dvg = 1. On the contrary, if;if(£) = 0, then the 
Gauss-Bonnet formula implies that u = c e jtg for any c 6 K. Hence /lg(2) = 0. □ 


An immediate consequence of Lemma|6]is the following: 

Lemma 7. Suppose thatx(S,) + 0. Then Vm € .J^g, we have u^dvg < \SIgu\^dVg. 

Proposition 8. Suppose thatxCSi) + 0. There holds 

sup I e^“ dvg < -t-oo, Vy < Att. (19) 

ueje'g, f\VgufdVg<l 

Proof Take any u 6 J(Tg with \ Vgu\^dvg < 1. Denote u — udvg. For any fixed y < Att, 

we can find some yo, say yo = (y + An) 12, and a constant C depending only on y such that 

yu^ < yo(u - u)^ + Cm^. 

By Lemma|7j there exists some constant C depending only on (S, g) such that 

M^ < — T7^ f U^dVg < C. 
vol,(2) Js ^ 

Then it follows from Fontana’s inequality (|2|l that 




for some constant C depending only on (E, g) and y. Therefore (fT^ follows. 


□ 


We remark that if;if(2) ^ 0, then Proposition 0 indicates that Fontana’s subcritical inequali¬ 
ties imply ( fT9b . Conversely, assuming ( fT9t . then using the same argument as in the above proof 
we can get (|2]i for any y < 47r. Therefore, (fT9l l is equivalent to (|2]) with y < 47r. 


In the remaining part of this section, we always assume 4 0 and a < Ag(E). 

Lemma 9. For any 0 < e < 4;r, there exists some e C*(S) n J^g with ||Mf||i,Q. = 1 such that 


£ 




dvg - sup 




mp r 




dv^. 


( 20 ) 


Proof. For any fixed 0 < e < 47r, we choose Uj e ,Jfg with ||m;||i,q. < 1 such that as j —> -i-oo. 


X 


(An-e)u] 


dVg sup 


X 




dv„. 


( 21 ) 


By Lemma |7] uj is bounded in VT'’^(E). Then we can assume, up to a subsequence, uj 
weakly in W^’^{E), uj strongly in L^(E), and Uj a.e. in E. As such, we have 


X 


(VgU^fdVg 


< lim sup 

j-»+oo 


X' 


|V„M;| dVg. 


This immediately leads to ||Me||i,tt ^ 1 and 

J l^g^J - ygUel^dVg < 1 - IIMeIIXq. + o/l). 

Observe 

(4;r - e)u] < (4n - el2){uj - -t- 327? 

It follows from the Holder inequality and Proposition^that is bounded in LfliE) for some 

^ > 1. Hence gi'tK-eyil strongly in This together with (12111 leads to dlOl i. Since 

Uj e JFg, we have e JPg. It is easy to see that ||Me||i,Q. = 1. 

By a straightforward calculation, we know that satisfies the Euler-Lagrange equation 

AgMf - au^ = - jd^Kg 

< j^ule^^^-^^?dvg (22) 

, (i L + af^ u,dvg) , 

where Ag is the Laplace-Beltrami operator. Elliptic estimate implies that u^ 6 C'(Z). □ 

Lemma 10. Ikfe have 


lim r e^^’^ ‘^^“^‘dvg - sup f ‘^^“^dvg. (23) 
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Proof. By Lemma |3 is increasing with respect to e > 0. Hence the limit on the 

left hand side of (|2^ does exist, possibly it is inhnity. Noting that for any hxed u e with 
||M||i,a < 1, we have 


r = lim r < lim f 

Jl ^-*0 Jl Je 




dv„ 


and whence 


sup 

uejtg,\\u\\i^a<^ ' 

On the other hand, it is obvious that 


e‘^™^dvg < litn 


(4!r-e)u^ 


dv„. 


lim r < sup f 

'^“*0 Je ueje:, iiuih „<i 


^4;rM" 


dv„. 


Combining (l24b and (l25T l. we get (l2Bt . 


(24) 

(25) 

□ 


We now follow the lines of 1125112711 . and thereby follow closely Y. Li 11161] and Adimurthi- 
Druet 12 L Similar blow-up scheme had been used by Ding-Jost-Li-Wang Jgl [lOl] and Adimurthi- 
Struwe yt]. Denote = \ufXf)\ - maxj;|Mf|. If is bounded, applying elliptic estimates to 
(l22]i . we already conclude the existence of extremal function. Without loss of generality, we may 
assume -Hco and x^ ^ p e I, as e ^ 0. 

Lemma 11. ^ 0 weakly in W*4(2), —> 0 strongly in U^{Y)for all q> and guf^dvg 

dp weakly in sense of measure as e ^ 0, where dp is the usual Dirac measure centered at p. 

Proof Since ||Me||i,Q. = 1 and m,. e J(fg, it follows from Lemma|2]that u^ is bounded in W*4(2). 
Precisely, we have 

r \WgufdVg + f uldVg < (26) 

Ji. Js 'Xg(L) - a 

In view of (l26l l. without loss of generality, we can assume u^ uq weakly in W'4(E), and 
—> Mo strongly in L^(2) for all ^ > 1. It follows that 


I IVgU^fdVg - 1 + a I u^dvg + Oe(l) 
Je Ji. 


(27) 


and 


I |Vg(Mf - uijf'dvg = 1-1 |VgMopc/Vg + a I u\dvg + Oe(l). (28) 

Ji Ji Ji 

Suppose Mo ^ 0. In view of (l28T l. Proposition [8] together with the Holder inequality implies that 
g4m/; bounded in L®(2) for any hxed q with 1 < q < 1/(1- ||mo||j ^). Applying elliptic estimates 
to (l22]i . we have that u^ is uniformly bounded in S, which contradicts c^ -i-oo. Therefore 
Mo = 0 and dZTl) becomes 

\VguJ^dVg = 1 H- Oe(l). 


I' 


(29) 


Suppose Y^JgUflJdVg ^ p in sense of measure. \f p + dp, then in view of (l29l l and mq = 0, we can 
choose sufficiently small ro > 0 and a cut-off function f e C^iB^Jp)) such that 0 < f < 1,0 = 1 
on Br„/ 2 (p), |Vg0ol < 4/ro and 


lim sup 

e^O 


1 


iP) 


|Vg(0Mf)pc/Vg < 1. 
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Let J^cf>UfdVg. Since m,. —> 0 strongly in L'^(2) for all q > 1, (pu^ ^ 0 as e —> 0. 

Using Fontana’s inequality (l2]l, we conclude that bounded in U{Br^{p)) for some 

i > 1. Note that 0 s 1 on Brg/ 2 ip)- Applying elliptic estimates to (l22l l. we have that is 
uniformly bounded in Br„/ 2 ip), which contradicts Cf ^ +oo again. Therefore \VgU^\^dvg 6p, 
and this completes the proof of the lemma. □ 

Lemma 12. has a positive lower bound and is bounded. 

Proof. Note that 

J "< J' + (4jj- - dvg = volg(S) + (Ttt - e)A^. 

This together with Lemma[TO]implies that A^ has a positive lower bound. By Lemma[TT] we have 
that is bounded in L^(£). Moreover, since 


1 


fj 


„(47r-£)«^ 


dvg<l + —e'^^olgCZ), 

Af 


we conclude that is a bounded sequence. 


□ 


Let exp j.^ be the exponential map at and inj^(S) be the injectivity radius of (Z,g). There 
exists a d, 0 < d < inj^(2), such that for any e > 0, exp^^ maps the Euclidean disc B^(0) c 
centered at the origin with radius d onto the geodesic disc B^ixf) c E. Let 

'geix) = (exp*^ g)(r^x), Vx 6 B^^-i (0). 

For any fixed I3,Q < f < Att, we estimate 

J uy^'dvg ^ 0 , ( 31 ) 

here we have used Proposition [8] and Lemma[TT] In particular, ^ 0. This leads to 

g,^f in CL(R2), (32) 

where ^ denotes the Euclidean metric. Define two sequences of blow-up functions on the Eu¬ 
clidean disc B^,.-i (0) by 

ipAx) = c;^u^(exp^Jr^x)), (p^(x) = Cf(Mf(exp^.^(rfX)) - c^). 

It is first discovered by Adimurthi and M. Struwe J^l that the above function sequences are 
suitable for this kind of problems. By the equation (l22]i . we have on Bj^-i(O), 

-Ag^f, = ar,V. + - rlc:^p,Kg, (33) 

-Ag^^, = ar^clf, + _ r^cp.Kg, (34) 
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where = /rg(expj^(rf;ii:)). Itiseasy toseethat 0 in L|^^(]R^), \i//^\ < 1 andi/f£(0) = 1. 

Applying elliptic estimates to (l3?t and noting (l32l l. we have ^ ^ in C*^^(]R^), where ^ is a 
distributional solution to 


= 0 in 


< 1, m = 1. 


Then the Liouville theorem implies that )J/ = 1 on 

In view of OTT) . A^^^f is bounded in Br for any fixed R > 0. Note also that < 0 - ^f(O) 
for all X 6 B^^-i(O). Applying elliptic estimates to OH, we have (p^ —> (p in where p 

satisfies 


- h.^p - 


, ^(0) = 0 = sup p. 


(35) 


Moreover, we have 


r < limsup f e(4'r-<^)(«^(exp,,(r,x))-c?)^^ 


./ 

v/Bp 


lim sup 
£^0 

lim sup — r 

£^0 ^£ JB. 


,(4;r-£)(n^(exp (y))-c^)^-2 


£—>0 ( 0 ) 

lim 
< 1 


r-ufy 




dVg 


B/ircM 


(36) 


by using (l30l) . change of variables, and —> 1 in C'^^(]R^). In view of (1351) and (1361) . a result of 

Chen and Li 101 implies that 


p(x) - -log(l + 7r|xn, Vx e ^ 

Ttt 


As a consequence 


f 

Jr2 


e^'^^dx^ 1. 


(37) 


(38) 


In conclusion, we obtain the following: 

Proposition 13. —> 1 in and p^ ^ p in C*^^(M^), where p satisfies 03 tind 021 - 

Proposition [13] provides the convergence behavior of near the blow-up point p. For the 
convergence behavior of away from p, we have the following: 

Proposition 14. CfWf ^ G weakly in VT*’^(2)/or all \ < q <2, and G in \ {p}) n 

L^(2), where G is a Green function satisfying 

[ AgG -aG^dp- in 2 

1 ^ P Inxii:) S 

1 S^GKgdvg^O. 

Moreover, G can be decomposed as 


G = -—f(r)logr + Ap + i//a 

ZTT 


(40) 


where r denotes the geodesic distance from p, f(r) is a nonnegative smooth decreasing function, 
which is equal to 1 in -Sinjg( 2 ;)/ 2 (p). cind to zero for r > inj^(2), Ap is a constant real number, 
fa G C'(E) with faip) - 0. 
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Proof. With a slight modification of proofs of (1251], Lemmas 4.5-4.9), we obtain CcU^ G 
weakly in for all 1 < q' < 2, and ^ G in \ (p)) Pi L^(2), where G is a 

distributional solution to ( l39l l. It is known (1^, Section 4.10, p. 106) that there exists some 
function h e L“(S) such that 

^-/(Olog t\^6p+h 


2n 


in the distributional sense. Hence 


Ag(GH- —/(r)logr) = aG - h- 


1+aJ^Gdv^ 

2nx(^) 


K, 


(41) 


in the distributional sense. Since G e L^(£) for any i > 1 by the Sobolev embedding theorems, 
the terms on the right hand side of (l4Tb belong to L^(2) for all i > 1. By elliptic estimates. 


G + ^/(r)logr e C'(5i), which implies (l40l) . 


□ 


In the following, we shall derive an upper bound of the integrals '^^“‘dvg. There are 

two ways to obtain the upper bound: One is to use the capacity estimate which is due to Y. Li 
ESl; The other is to employ Carleson-Chang’s estimate (Lemma |5]l, which was first used by 
Li-Liu-Yang d. Here we prefer to the second way. In view of (l40l) . we have 


X 




\^gGfdvg - a 


f G^dvg - f 

Js\BAp) Jdi 

£ 


G——dio 
ov 


dBsip) 

K,Gdv. 


>^\bAp) 

1 + a Gdvg 
27 tx(^) 


— log - +Ap+ a||G ||2 -I- 05 ( 1 ). 


2 


Hence we obtain 


X 


J^\B6(p) 

Let if = sup^^^j^j Mf and iff = (m^ 

IVgU^fdVg = 1-1 

Jr 


IVgU.i^dvg ^ £ri^log£ +Ap + a\\G\\l + 0^(1) H- Of(l) 


27r ° (5 

if)^. Then Ilf e W}.’^(Bs(p)). By (l42l i and the fact that 


(42) 


r I 

dBsip) 


gUcfdVg -I- a I u^dvg. 


we have 


/ I 

dBsip) 


^\Bs(p) 


1 ( 1 


£‘ 


1 


IV^Mfl dVg < T, ^ 1 - - { — log - +Ap+Og(l) + 0,(1) 


Now we choose an isothermal coordinate system (l/,(p; {x*,x^)) near p such that B 2 s(p) c U, 
(pip) — 0, and the metric g — e^(dx^^ + dx^^) for some function h 6 C^((piU)) with h(0) - 0. 
Clearly, for any 6 > 0, there exists some c(6) > 0 with c{d) —> 0 as 5 ^ 0 such that dvg < 
(1 -I- c(6))dx and (p{Bsip)) c ®i(i+c(5))(0) c R^. Noting that 74 = 0 outside B^{p), we have 


/ 

Jb, 


|V(m^ o 0 ' 


®(5(1-K:((5))(0) 


’^)fdx = r 

J0“'(B«(U 


\VgU,fdv, 


C{S))(0)) 
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^X ' 

dBsip) 


IVgU^ldVg < Tf. 





This together with Lemma |5] leads to 

limsup I -\)dvg = limsup( 1 + c(d)) f - \)dx 

< n6^{l+c{6)fe. (43) 

Note that \U(\ < and u^jcc = 1 + Of(l) on the geodesic ball B^rJ^x^) c S. We estimate on 
BRr,{x^), 

(An - e)ul < 47r(Mf + 

< Anul + Snsji^ + Of(l) 

< 47r'M^ - 41ogd + S/rAp + 0£(1) + oa(l) 

< AnUl/Tf - 2\ogd + AnAp + o(l). 


Therefore 




^- 2 g 4 ffAp+o(l) 



JBgrAXi) 

^- 2 g 4 ffA,,+o(l) 

f - l)dvg + 0(1) 


JBRr,(x^) 

^- 2 g 4 wlp+o(l) 

f (e 4 '^^/^'-l)£/v^ + o(l). 


'bs(p) 


where o(l)^0ase—>0 first and then d —> 0. Combining (l43t with (l44li . letting e 
and then letting d ^ 0, we conclude 


'I 


lim sup 

By a change of variables and (l3Ft . there holds 


e(4K 


\A-AnAo 


X 


= (1+0,(1)) 


BgrAXe) 


I 

Jb, 


e(4''-^)(“'°exP«)Vx 




= (1+0,(1)) r e(4;r-f)(«,oexp,^(r,x)p^2^^ 

JBfitO) 


= (l+o,(l)) 


?X ' 




- (1 + o(l))-|, 

^6 

where o(l)—> Oase^ 0 first, and then R +oo. This together with (l38T l implies 


lim limsup 


R^A-oo 


I 


e~>0 JBgrAXe) 


limsup 4. 

.-,0 C2 


Using the same argument as (Cl], Lemma 3.5) (see also Lemma 3.6), we have 


lim I ( 
Je 


lim I - volg(S) + limsup 


4. 


£—>0 


Combining (l45T l. (l46l l and (l47T i. we conclude the following: 
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(44) 
0 first. 


(45) 


(46) 


(47) 



Proposition 15. Under the assumption ofc^ - max^ \u^\ +oo, there holds 


sup 

, ||w||i 


. 1 ' 


Anu^ 


dvg - lim sup 

e—»0 


J e(4'r-<r)»?c/v^ < Volg(S) 


+ Tre 


l+4;rAo 


Completion of the proof of Theorem\J} If is bounded, then the integral ^^"‘dvg is 

also bounded. Hence LemmafTOlleads to 

sup I e^™^dvg < + 00 . (48) 

i/eJ^,||H||i,„<l Jx 

While if Ce +oo, (l48T l follows from PropositionfTSl immediately. 

Now we prove that 4;7r is the best constant. Fixing a point p e 2, we let r = r(x) - distg(;ic, p) 
be the distance from p to x and Bs - B^ip) be the geodesic ball centered at p with radius s. For 
sufficiently small e > 0, we define a sequence of functions 


Mf(x) = < 




log 7’ 


'sjlnlog I 


X 6 Bp 
X e B^\ Bp 

X e'L\Bf. 


Clearly ||VgMf ||2 = 1 + (9(e). Let M* = M^/\\VgM^\\ 2 . Then we have ||VgM *||2 = 1 and 




^KgMldVg 

Jj: 


(9(eV-loge). 


(49) 


Hence M* - (M*)^ 6 Jfg and \\M* - (M*)^||i_„ = 1 + 0{e^ 4). If y > 47r, then we take some 

V such that (1 - v)^ > 2. We have by ( l49l l and an inequality lab < va^ + h^/v. 


I 


^y(M’ ~{Ml -(M; 


^ I 
>- I 




gCl-vti log i-Z(M;)^+o,(l)^^ 


= (1 + Of(l))7re^ 4 ''>2 

—» +00 as e ^ 0. 


Therefore for any y > 4?: and a < Ag(Z), there holds 


sup 


fe^‘‘Avg > sup ^ 

1 Je e>0 Jl. 


This completes the proof of Theorem[T] 


□ 


Completion of the proof of Theorem^ We shall construct a function sequence satisfying 











and 


(51) 


I 


> VOl(S) + Tie 


l+AnAn 


for sufficiently small e > 0 , where 






X 


Kg(f>,dvg. 


If there exists such a sequence (p^, then we have by Proposition [TSl that must be bounded. 
Applying elliptic estimates to (l22]l . we conclude the existence of the desired extremal function. 
Now we construct verifying (fSOl l and (fSTT l. Set 


0 <r = 




c + 


log(l+;r^)+fi 

c 


G-rjiJ/a 

c 


C 

c 


for r < Re 

for Re < r < 2Re ’ 

for r > 2Re 


where {[/a is given by (EQli, r denotes the geodesic distance from p, R - - log e, 77 e C“(B 27 ?f(p)) 
verifying that 77 = 1 on Bg^ip) and ||Vg 77 ||/,«. = B and c are two constants depending only 

on e to be determined later. In order to assure that ip^ e we set 


1 / 1 


c+ - log(l +7iR^) + B\^ - log(/?e)+A 


47r 


1 / 1 


2n 


which gives 

Inc^ - -\oge -2 jiB + 27iAp + ^log 7 r + 0{^). 
Note that KgGdvg - 0. We estimate 


f ivgGi^dvg = - r 

-X 


^\BrAp) 


GAgGdvg + 


X 


G^ds 

d(l\BMp)) 


G^dv„ 


I + a Gdvg 


ABrAp) 


'^Tixi'^) Jx\BrAp) 


X 


K„Gdv„ 


G^ds 

ov 


1 


-^log(/?e) + a\\G\\ 2 +Ap + 0(Re\og(Re)). 


Since ipa e C'(2i) and ipaip) = 0, we have 


X 

X 


B2Re\BRe{p) 

r 

B2R£\BRe(p) 


\Vgrj\Vadvg = 0{(Re)\ 
VgGVgTjipadVg - 0((Re)^), 


(52) 


(53) 


(54) 

(55) 


|2 


1 


1 


logTT 1 


1 










Combining (I5?t - (l56l l. we obtain 


J" \Vg(l)J^dVg = (2 log i + log;r - 1 + AnAp + 47rQ'||G||2 


Anc^ 


+0{-^') + 0{Re\og{Re))\. 


Observing 


f Kgt^fdvg - -( f KgGdVg + 0(Relog(Re))] 

- f KgGdVg + 0(Relog(Re))] 

\ JbzMp) I 


-0(Re\og(Re)), 

c 


we have i(f>e)g - ^0(Relog{Re)). Hence 


X 


i4>€ - {(pe)g) dVg 


This together with (l57l l yields 


(pJVg + {(f)^)gVolgiI.)-2{(p^)g (p^dvg 


L 
M£ 




G dvg + 0{Re\og{Re)) . 


\\4>e-(4>e)g\\\a = f 1^g^el^dVg - a f(^, - (^,)gfdVg 

Jl Jl 


(57) 


(2 log i + logTT - 1 + AnAp + 0{^) + 0(Re\og(Re))]. 


Let satisfy dSOl l. i.e. \\<p^ - (0e)»lli,ff = L Then we have 


9 lose log;r 1 1 

c -—;- 1 :-:— Ap + 0(-^) + 0{Re\og(Re)). 


2n An An 
It follows from (l52l i and (l58l l that 




(58) 


B ^ ^ + 0{^) + 0{Re\ogm)- 


(59) 


Clearly we have on BpAp) 


An((j)f - i^e)gr S 47rc^ - 21og(l + n—) + %nB + 0(Re\og(Re)). 


This together with (l58T l and (l59l l yields 


/ 

JbrAp) 


1 


(log e)2 


(60) 


14 







On the other hand. 


X 


e 




dVg 


^\Br,(p) 


> f (1 + 47r(ifie - (tp^)gf) dvg 

*-'^\B2Re{p) 

\\G\\l 1 

> volj(S)+47r-^+o(-). 


(61) 


Recalling (l58l l and combining (l60l l and dMl l. we conclude (fSTl l for sufficiently small e > 0. This 
completes the proof of Theorem^ □ 


3. The Trudinger-Moser inequality versus the topology 

In this section, we prove Theorem|3 The proof is based on Theorem[T]and the Gauss-Bonnet 
formula (fThl l. 


Proof of Theorem^ 0’ then we have /lg(S) > 0 by Lemma|6] Hence Theorem[T] 

holds, in particular, (fTTTi holds for a = 0. This is exactly (fTSli . 

Now we show that if (fl^ holds, then;^'(S) must be nonzero. Suppose on the contrary = 
0. It follows from the Gauss-Bonnet formula (fTSl l that 

J" ^gdvg = 27r^(S) = 0. 

Hence every constant function - k {k e W) satishes J^KgUhdvg - 0 and £. \VgUk\^dVg — 0. 
Thus Uk e J(Pg and ||VgMi :||2 < 1. Whence, by (fT^ . we have that 




sup I e'^^^dvg < C 


(62) 


for some constant C depending only on (E, g). But we also have 

I = I dvg -i-oo, as k ^ -i-oo. 

This contradicts (l62l i. Therefore ;^'(X) ^ 0, and the proof of Theorem|2]is hnished. 


□ 


4. Lower bound of the modified Liouville energy 

In this section, as in the proof of Theorem|2] we prove Theorem|4]by combining Theorem[T] 
and the Gauss-Bonnet formula (fTST l. 

Proof of Theorem^ Denote 

Cg_a(S) = sup r e^"“^dvg. 

Since x(^) + 0^ by Lemma |6] and Theorem [1] we have Ag(E) > 0 and Cg^a(^) < for any 
a < Ag(E). Let u e ]V^’^(E) be such that £. \^gu\^dvg + 0. In view of the Gauss-Bonnet formula 
(IThl l. we set 

L Kgudvg 1 r 

Ug - — -= -—— I Kgudvg. 

^ ^^Kgdvg 27 :x(E)J^ ^ « 
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Clearly u — Ug e J€g and \\u - > 0 for any a < /t^(2). By the Young inequality 2ab < 

ea^ + we have 


m - UgWl^a 


\\u Wgih Q. + Ug 


< 4-n- 


(U - Ugf' 1 


2 “sill,a “s- 


This leads to 


In 


J" e“dvg - J" 


^SlIl.Q. 


e c/Ve 


16;r 


Using the assumption g = e“g and volg(2) = e^d-Vg > pvolg(S), we obtain 


11“ “ “slli.ff + 167rMg > 


-16;7r In Cg,Q.(S) + IhTrln 


J" e“dvg 


> -16;7rlnCg,cf(E) + 167rln(//volg(E)), 


or equivalently 

r 2 r ~ 2 8 f 

I |VgM| dvg - a I |m - Mgl dvg -f —^ I 
Ji. Jl Y(^) Je 


Kgudvg > 16;7rln 


^yolgil.) 


^ Cg,„(S) 

In particular, choosing a = 0 in the above inequality, we have 


Lgig) 




0 8 r /ivoL(I) 

■^^dvg +- I Kaudva > IGnlu -. 

X(^)J^ " " Cg,o(2) 


Noting that Cg,o(2i) = Cg(S) defined as in (fTSl) . we finish the proof of TheoremlH 


□ 
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